We study the nonlinear Schrödinger equation with a PT -symmetric potential.
INTRODUCTION
It is well known that in quantum mechanics the energy spectrum, as well as the 18 spectrum of operators associated with observables, is real. This led to the commonly were driven by the form of the real part of the potential.
48
Here, we consider a system with a PT -symmetric Hamiltonian, namely a onedimensional (1D) nonlinear Schrödinger (NLS) equation with a complex potential:
where u is a complex field, subscripts denote partial derivatives, σ = +1 (σ = −1)
49
corresponds to a defocusing (focusing) nonlinearity, while V (x) and W (x) corre- 
56
On the other hand, we also place some emphasis on the stability analysis of the ob- are developed to appreciate their dynamical evolution.
63
Our presentation is structured as follows. In section II, we focus on analytical 64 considerations of the existence problem, providing a systematic approach for gener-summarize our findings and present some future challenges.
68

THEORETICAL SETUP
We seek stationary solutions to Eq. (1) in the form u = ρ(x) exp[iφ(x) − iµt], where the amplitude ρ(x) and phase φ(x) are real-valued functions. The resulting hydrodynamic-type equations for ρ(x) and φ read:
Our aim is to solve an "inverse problem", i.e., to find PT -symmetric potentials W (x), for different choices of φ x . This is done by prescribing the connection of φ x with ρ, solving Eq. (2) with respect to ρ, and determining W (x) via Eq. (3).
Here, we focus on the specific case of φ x = ǫρ k , where k is an integer, and V (x) = 0; then, Eqs. (2)-(3) lead to the system:
When k is even, W (x) is always an odd function. However, if k is odd, we need ρ to be an even function to make W (x) odd. Generally, the problem is reduced to the solution of the ordinary differential equation (ODE)
where coefficients and exponents depend on the choice of k. While, in principle,
69
our prescription can be carried out for any k, we have found it progressively more 70 difficult to identify exact solutions for larger k, hence only cases with k ≤ 2 are
71
considered in what follows.
72
We start with the simplest case of k = 0. Then, the gain/loss profile reads has a tanh profile, which describes finite gain/loss at x → ±∞, which again does not 80 appear to be physical, or likely to lead to robust solutions.
81
Next, we consider the case of k = 1 leading to W (x) = (3/2)ǫρ x and a Duffing equation for ρ with a = µ and b = 2σ + ǫ 2 . This case, for σ = +1, yields: Since W (x) is even, this case does not correspond to a PT -symmetric system and will not be considered further. On the other hand, for σ = −1, we obtain the results:
where X = √ −2µx. This result corresponds to a PT -symmetric case, which was Finally, we consider the k = 2 case corresponding to the cubic-quintic form
with a = −2µ, b = 2σ and c = ǫ 2 . As a result, for any solution of Eq. (8) having a 84 definite parity (including bright or dark solitons), the ensuing W (x) will be odd and,
85
hence, of relevance to our study of PT symmetric systems. We explore some special 86 cases where analytical solutions can be obtained for this model below.
87
Analytical solutions of Eq. (8) can be found as follows. We introduce in this
, and derive an ODE for U (x). Then, requiring that U (x) satisfies the Duffing equation:
and its integrated counterpart U 2
Then, solutions of Eq. (8) can be constructed by solutions of the Duffing Eq. (9).
88
Let us first consider the dark soliton solution of Eq. (9), U = tanh(αx). In this case, l 0 = α 2 , l 1 = −2α 2 and l 3 = 2α 2 ; then, α can be found via Eq. (11) and g 1,2 via Eqs. (10). Thus, the solution of Eq. (8), and the respective form of W (x), read:
where form of Jacobian elliptic functions, which can also be used to obtain PT -symmetric 93 potentials, but will not be considered here. 
NUMERICAL RESULTS
In the previous section we presented analytical soliton solutions of Eq. for such PT -symmetric settings.
129
We now turn to direct numerical simulations exploring the dynamics of such 
134
We note that we observed results similar to the ones presented above for the 135 case k = 2 and σ = −1 (focusing nonlinearity); for instance, when using the potential sech-shaped profile, on the background of a homogeneous, non-vanishing pedestal.
144
As concerns their stability, these states are unstable due to the emergence of real imaginary part of the unstable eigenvalues was found to be zero for all ǫ. In particular,
149
it is found that the corresponding spectra (not shown here) exhibit increasingly more 
THE CASE OF A MODIFIED PT -SYMMETRIC POTENTIAL
In the previous case of k = 2, and for W (x) given by Eq. (12), we found 174 that soliton solutions gradually became highly unstable due to the fact that, not works were also given. We also note that we have studied cnoidal wave solutions
219
(results not shown), which were found to be dynamically unstable.
220
There are many interesting future directions associated with this work. In the Hence, this is also a direction of considerable interest for future studies.
